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MODIFIED LOGvAR‘THM\C SOBOLEV INEQUAUT!ES; [kasef:! on Chopler 4 (and 2) o
“Concentralion of Measure and

L Lﬂaar}ﬂ\mfc Seboley Ingg,uall"ae‘a‘”
@ Mﬁm l’ﬂ Mickel Ledoux ’ |997]

Consider the prod L 2 .
product measure V" on (B, B such +h & e ey .
LaP lace distribution : Vx €, ﬂ(x.):_zl_e—h!l_ zBarel a)*—afszbi:u at v is th ('h"m . _e_gsﬁgnen-bdl)

t pdF (with abuse of notation
Question; Does »" sa'b's% a log— Sobolev inezunlﬂy (LST) with respect +o “standard” Dirichlet form
Suﬁgoge # does...
LSI: 3C>0, YFEA, Ent(f')< Zcf-_a_’ilﬁﬂ

> Eviropy: Enbyn () 2 [y} Iy,

b oF wempurle B s Db fems B[S
B =1 jal derivaave
radient V¥: 8" > exists and @}Enhrﬁpﬂf‘!’ to
E,[I7F[]< el

ﬂngn, 'ﬁ)r an F: [B“—B-IB smoaﬂ'\ w]“H\. ”F,Lpé 1, Seﬂiﬂg -Fa= e’\F -For 9\6% ana’ em],[,,a;nﬂ_
ﬂ?e ”erbs},— argumen{: 3*-"65 the ‘Q”onﬁfg conce.n'bmb'on aF megsure anga_mg:
Vrz0, »(F2 E,[F]+ r) < o~ ¥72C 4= ofbmr optimizing over A€

Contradiction: Since F linear satishes the regoﬁfed condlitions, we see that a linear function
has & Gaussian ail. Howerers the tail for a linear function must be CXPOhen{r;d'!

@ Exponen'[?ial LSTI via (aussian LS{_
Recall the Gaussian LSI: For all F: B—0R with IEJIV‘FF]<OO,

Enky(#2) < 2 E[IVFF], .
where F"’JY(O;L) is the caneonical (haussian measure 0"(Byﬂﬁ ))
T n identiby matrix

Consider (One-s‘rded) aponen'ﬁal measure D on (ﬁ, 03(!?3)) ik de )ﬁ(sz {e-x; x20

3 ! O » %<0 :
I.{-, is We”-—kﬂou'ﬂ ’H’\ﬂ% i'F zn z:_y\-'}((o,l), *‘13“ x:: .;_!L-!—%i ,'IdS d;S‘tflLWHOH }?'

z z X2
[k o (53) = Srep(-4 ) = Lo = KO

UndtJo, 2] 2
e )= §(ELE). T (9= () + @) = (225 ) + (11 (25F)

> 19 = 2(£58) ()
a7 EanllWF1; 2Exa0]

—
Hences we have: pioa) o GEG[xg7] for every gt BB such thet the right-hanel side.is Fnite

tConse%ence oF Glaussian LSI ?rod.ud; neasure
= 2 & |a-$(x)]" dn
i Fﬁr zVerz, sum‘cienﬂcé smqa‘:h -F; M‘-—?{w, En‘bﬁn(": ) é 4'". le ( (7(.) ; U:a benson-; !bn

1=l

—- gee !‘\ﬂ?‘-‘b
Uyrforhmrxbe!g-, this LST does %{: 3[4/3 concentration ine:i/ual;bd via Herbst argumen‘b- i’”m sechion.
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©) Tensorization of En-froﬁé_:_

Given probability spaces (X, BOK), 1), 1404 n, let P=pu@- B denote N —

on the Pmaluc'k measurable space (%, x-+%Xa, EE.’:(X.)@'"O'BOQ))_
tpmduz.‘\‘i D‘-algebm

Given F: X xx X, —> m+(mmsumbfe), Jor each 14i¢n, define §:%—> M, 4o be:

'E(xi) = ‘F(z""" Kjet 9 Xi 5 'JCFH,---,?C..)
on!’g this iarles

Wlnel'? ﬂr,-.‘,'tfi,;, Hitiyoy Ky QAVE ,.P,xed

E@.E. Under appmprfal’e in{;egmbili{y CDnd:'-Hons,
Enkp(‘F) < Zn;' [EP[En{: I(ﬁﬂ . <« Variance has similar Yensorization.

i=l

Froo{:: We fisk prove that F: x> By, where (x,@(x),}) is a ngu],;’;{a space, has en'L'mPa. SG‘BS'%ing;
I*] Enf;,,(-F) = Sup {@[-Fa] g ]g“[es] & 1} ,4-" Variational characheri z ation ot Cn{?ﬁopla,
where the &Aprve.rnum is over a” meﬂsumue ﬁmcﬁons 9: X—?ﬂ w'fH'\ Eﬂ}_-ea]é | %

@[F] =1. Reall From )6;4%1'5 'me-?,mfi;{tj_ ks

Bﬂ howngeneiy), , assume

L E,,J,;M(QAF)-:aEn)“(-F) for a20 PR Lot -F(v):e" for veB.
Vu?O; Yve W, uv £ ulog(u)—u +e’. < __-____> F*(“) = ::’;B uv —F(v) [mnvex :::J“ﬁ“'e"']
For ary g with [gA[eﬂ]él, we have from above: Let ¢(‘,);w_.e", ') = %e(ivo-)—* 0
9 & u=¢€ (2 .
[E/‘_[f‘a\'f] < @A[‘Flﬁa(‘F)]"l + E[e ] o ‘F*(U)= “'103(“)_‘ m Jor uz0
S E"{}"-‘('F) . So, uvg Hv)¥ F*W) for all w70, velf.
Settng 9= loglt) [ie that BT BL11], - e ulof-u a

we ae,-l; the desired result [*]
such -Hm'b EP[3315]’ ana[ ob‘ﬁne for each J¢1én:

Next, consider g:X.x-"xxn—’HB
Jea("‘ ..... 2n) ()~ gt (e

{ _ )

3(u1,...,xn) = Iog(wﬂ.(ﬂ)---émfm) . )

en,n‘=- 3/,anal[E; =],
’ ‘;'3' i '03(%@)>3 ,er tgmc.o‘FXi 04\3

SEJFd] = )] € 5 B [Enb(®)]  for Fixoem o> B
5> Eli)< SEFI] - SEBEE] < 2 Bl (]) _
fwebed < Ente(R) e B ond Eu[ed =1

.. E“%P(ﬂ < i IEP): Eﬂbu:(‘F:)] , as desired- 7

Remark: This result allows us *o prove LST for n=| (Si"jle-lejcl‘ea wse and translate to
gener‘a\ n. Moveover, the LST constants are branslated in a dimension- free
manner, which makes this a useful tool for oo ~dimensional ana'ysis.

E><ame\e: From Prevfous section, ! ) :
Entgn(F*) TS > Epl By ()] rsz Eg [4] x;(%jdva:)] . # j ‘:ZI«-. (360 dfm() .

=1 =]
ba\So.ri%a'Hon sin%le-k-unr pmo‘{: dimension-free conskant
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@ Ig_\ggrancl’s Poincard Inegua]'rk%.l

Ta'aamnd Pr‘oveol a certain foinaré Ilnetiuam? for the La"o’acg distribution v on (ﬁ, XJ,(EB))

TL[c Pmo‘Pa‘F ‘st megt(al offers !"‘-3'8}\‘& on how to frove a a‘r[‘FBFEh% e GFLS.T -ﬁ; p)
L_e‘j,, <~ “{-F B->B|f mﬂfrrﬁ%}ua differentiable a.e., [Ildungon, [10F[*domcon, Jim, %ﬁxu;@. 1 %)=0, Verg,;#n]-

&r’/lemma. IF des', then:
rlzﬂf f¢dy ¢(o) +f5,3r{x)¢(ﬂa) le('x') t,2>0

tngmm function ; 5"3"(7‘)-{ ,77:28

P oot (non ""aomuS)
83 m‘t‘eam‘boh bg rarbs
_ ™
figerms < [sofpe et - [pedlp P2
Loy
- vi= 2060 ) CDFOF»(,,_)

= ¢(ao) — Q’(ﬁ dx _.J (x)stgng't- dw J¢(¢)$)an(")
2 Z

__.e - dx
"
(%)

; @ﬂ@ J 3 g + r SO dx + J S e b

(]

-

= ¢(O) + r¢’(x)sian(‘l—)'12‘ e Yd R
) %

Fm (anmré me:iualrl:ld for :J) For every 7‘365
viRy(8) 2 B JFI-B [T < 4BLF7].

froof: Set g) = ft) - FO). Then, we have:
[E [3 ] ,3(0)(, f sngn('x-) Za(x)a’(x,) dv(x) [m,ma Lemma]
< 2 Ev[gz]t [ED[S"-]Z [(hu.chg Schwara lne?ugli{g]

> [E,,[a‘]*s 2 E,[3*]2
2 Ef1<4E[7"].

. ’
Hence,, since 'F=3 ?

VAR, (&) = VAR L@ <EFI<4E3%]=4E[%]. @

(® Modfied LSI for Exponential Measure:
Thm: (MOdrFleo‘ L.SI‘RND) For every 0<c&l and ever‘a,

such that |¥|<c ae., 2y

L;I,schH:z- conbinuous function £:(6—> M0

Prwf: Tt i shraiahbforward fo check that the modified LST is ivanant o addina constants.

Assume withoub loss of 9eneml-l;y that F0)=0. Cor 4]
cortinued.
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Pmo'F conﬁnueol:
Since Yuz2 O, uloz(u)> u=|, we have:
Ent () = B[]~ Elog(BLE]) < B Elefl+1 = Bl - f +1],
Moreover, as e ae., e’F,};F;erf are all in S & St-m\aht-ForwarA o check.
E,[fef - of +1] = $0e™-+1, + Jsian(*) et e +EHI Sy do o)
=0
& f sigﬂ(l)f’(ﬂf(%)ef(") dy(x)  [using Lemma]

07O + J (o[ Gree™ + 2F R | 09
=0

E)’[‘Fic{:] = (/—('—“‘
= ZJSi D) FOO£60) ™ Jugo + fia”("‘) {l(*)y(x)zeqﬂ d(x) [“5""3 Le"’""']
Sign(F 2 )2 <c Hx;‘_e*""’ J
83 Caw}.a-Sd\warz ine_tbual'rhd,
Ele]< 2 B[ TPRIFET + cBIFE]
= (1-<) [Ep[fé]* <2 BT
2% (2 2t
> EfreTe (Z) BEET.
Fimng, we have :
E E £ () 2
nby(ef) < [E,,[ fef — et + l] < f ,‘F (e /z“%")e{:( )/2‘ dv () [b-u'amale ""e‘L““Hﬁ o [¥1]

12 e1F o ¥
i lEu f e‘F]z Ey[-F"-e‘F] [Cauc}»g-sckwqyz ‘map‘m);{ﬂé]
r~3 2- 2

(T:_c-) [E:V['F e{:] . [usina [*]]

%,
Modified LST for produc{: meagure VN

Us'ma the +ensorizabion o?en{'xagg, Jor eve% smooth enougk F: WL”B such that
max |1%F L] ae and every 2B with |Al¢c4l, we have:

1£ién
Y\ 2N & pY2 AR - 2R 2
Enbun (%) & ZEw| 2 @)F) 5] - —1:?‘5»"UVF' !

—_—

20F)= A@iF)
In 'aar'l:fca lar, setbin 3 c=—é— gves:
EWL‘))“ (eZF) < 4_9\7- ED“DVFlze?‘F] .

We may use this o prove Elaaraml’s concerbation '\Vlezi/m’?l% Jor ¥
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@ T&lagmnd’s Conce rbration Inegua[i*y. For Exfonenaa, Measure:

Assume 4hat we have F:B—>M smooth er\oug‘\ so that "2.:2‘“ |9F1 < | qe.
aeeR o

n

and [VF]z""Z(a-F)zé af' ae. , For eugra A with '2‘5—2L, we have :

=1

() Erbpn(€¥F) <47 E[IVFeM | < 400 B, [] . [using modifiedt LST]
We an now use the Herbst argument. Define H(%) 2 E [ and KA 2 3R
%) = B[ ] 62Ty (e4¥]) Iy

= AH() — HOog(HR)  [swep [E['] & de

S AH(R)- HO) leg(HA) & 4R HRR)  [using *)]

= HO) _ (W) 2 40
A HN >,
> K@) g 4o’

= kM) = KO fo
=Ep"[F]

= HO)= Ep[?F] £ exp( Ex[FIA+ 40 ) dor 0AEZ:

vivahi ve us"\g DCT]

M) d < ElF1+ I“Mz 4o - Eylf]+ 402

Cheruog: bDUI’ld, AF ZAﬂ.
& w(F 2 E.[F1+7) < Eﬁ[f_l*-——- < M ,» Yrzo
g e"f(‘El"[F]?‘ ‘H?b same as (raussian coneenbrabion froo‘(: unbl here
for OE AL sz Op'Bmiz)ng ths bound over A 3ives brno cases:

f (e N . N : . .
T L R L
<ASS |

=?‘(rﬂ4d170 N ) 2
ooy r(Ji)—A'd}(z) i ?%‘>J2- 'E'—O"z , i r>ad
> L (vecause rr-gé&>ré 2r- 40>
0 _{_ | 7 ¥ ( 57 @Y}Mﬂ
o>  4ol*
B < T i al ! d ":D SYM“ r
= "(F > E [F]-I—Y) Z exF( f?;'&_‘) ’ W redol <« Graussian bound oY
( " ) e'xl'("'t") i—F r74d,z & ExPomyqu‘ bound for (arae r
b ot § horsr @ vEAE

Y;‘/- =i v 5, & r>ac?
))"(F P Eyﬂ[F]‘i’ Y) < w(—--k—m’m(f,ﬁ)) for cvery vz O.

Ba ‘\OMO?neaﬁy we 32{7 'YOY' eVeYB F: [}Bn-—)[FB .Smoo'H1 enouak so 'H\a'b lVFlzéO(? a.e. MM&

Yr>0, V(3 EwelF]4+r)< a‘r(":‘e‘"‘"‘(ﬁ’%)\) :

t'ﬁlla_amncl concentration ineguaﬁfy
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@ (neneral Moc,rﬁecl LST:

Let (X,fo),}k) be a fm\oab}lh‘:g space 5 and let A be a set of functions fom X 4o I8

such that the ensuin objec:’:s a‘:'e de"’de‘gned L

let T ke a“ama,-e:f o,gméo: on A such that T 20 and TOR)= RTH) for all $4, 2€B.
like [|F]

Def: Wesa% i‘)\a{‘/u satisfies a modfied LSI with respctl':k T if there is a
function B:[B, >, swh that or all FEA wibh IT®|E <A,

/t.su ~NOoYm
Enbu(ef) < B(N) BLTH)F]. "

constant’ for :}ma" A

EXG leS:
mp for O%A<C forsome c< |,

b (Expomen";ia[ measure V) T‘(F) = ‘F'z » B(?() = "2.'"_'
ton e

2. (Gaussian messue ¥-Now) TE) =2, BN = L fr 230,
on f§
with Er[$‘2]< 0, Ent r(‘F g2 [E‘[-Fﬂ

Gaussian _LSL: vf B->18
=, for F:B->F smooth , seb F=ef: Enbr(CF) = Jz—lf—y F'aeF] .

New Feahxre
LST tensorizes Lerms of the LiPS())H:z bound 5 but mooli-ﬁecl LSTI tensorizes in terms

O‘F -fwo Paraw.e%ers‘_

Given Prul)ab;h{-y spaces (Xi,ﬂ)(;),f‘;), igign, let P=/u,@-..®/4.., denote the M&__m’_easﬁ__@

on (X x= % Xn, R(X,)@---@B()&)), Let T be the “3mclien't” ope.ra-l-orx on the corresFonAiﬂa
Sfices of functions /A- fom Xi to [B. Fim"H,, leb A be the space of funcions From Xi%=*Xa to B

such that for any fe A ehi.
The éensor"%m‘:ion o‘Pen{:roP& \éieMS:

that ITEOIE <,
[madu‘ﬁ'@l LST in each spaoe]

_P_rggg_ Assume for every FEA such
Enbiu(e?) < B0 EulTeR)e]
for 12 )51, ﬂ\cn, for every fe A siich Hmm‘; 'Q?z“ I’T.'(-F,)"E £A,

Entp(eF) < 80D Eg[ S.F00eF ], (< B0 | 51760 umm,,[eq)

So, this modified LSI Lensorizes in berms ofF two Pamyne%ers:

mo |TE)E wnd | ST, -
t],‘Le E';a:n 21 zl-'ll.e |vfI*
Depe.nding on the s;tmchxre oFf B(f\), the wrresponding concentration ‘“e‘l““';*}j'
e e b@"“"‘”i g win) . TF B is bounded or small A, then re get
inequalities like that of »", and i B s bounded > U
like that of the (raussian ’meﬁtsure. s o all g >0, then we 36{: ‘"%"hes
[THE END]



